In the present work, we derive that electric fields blow up as a pair of spherical perfect conductors approach each other, and calculate the blow-up rate by a simple method. In the case of two dimensional space, referring to an anti-plane shear model, we can assume that the conductors and the electric fields represent the cross-sections of parallel stiff fibers and the stresses, respectively. Hence, this blow-up result can also be evidence for high stress concentrations occurring in fiber-reinforced composites. The practical significance has stimulated several approaches related to this. Recently, Bao, Li and Yin have established the optimal blow-up rate of electric fields related to the distance between conductors that is not restricted to two dimensional space. In particular, their result in three dimensional space is something unexpected and significantly different from anticipation of the interested persons. In this paper, we assume that the two conductors are unit spheres in n dimensional space (n ≥ 2). Using Green's theorem and point charges, we present a new method to easily get a optimal lower bound of the blow-up rate by Bao, Li and Yin. This simple derivation helps to understand the blow-up phenomenon easily.
Introduction and examples
This paper is concerned with the blow-up of electric fields between a pair of perfect conductors approaching each other. We provide a simple derivation of the blow-up rates related to the distance between the conductors when the conductors have spherical shapes (see [1, 3, 10, 11] ). Regarding methodology, we present an intuitive derivation based on Green's theorem and the point charge technique that are both easily understandable (see [6] ). This simple derivation thus helps to understand the blow-up phenomenon easily.
Recently, apart from the direct understanding of electromagnetics, many scientists and engineers have interest in this phenomenon for the sake of engineering materials. According to Budiansky and Carrier [4] , unexpectedly low strengths in longitudinal shear have been reported for brittle matrix, fiber-reinforced composites, due to the high stresses occurring between stiff fibers. The pratical significance has stimulated several works related to this. To give a brief description of the works, referring to a standard model of anti-plane shear, we assume that a pair of conductors in R 2 represents the cross-sections of a pair of parallel fibers, the voltage is out-of-plane elastic displacement, and the electric field is the stress. With the effort of Bonnetier and Vogelius [5] as the beginning point, it has been shown by Li and Vogelius [9] that the electric field does not blow up when the inclusions and the outside have the comparable conductivities (or shear moduli). Li and Nirenberg [8] have extended this result to elliptic systems.
However, our main interest is the blow-up of electric fields. We thus focus on the perfect conductors which have the extreme conductivity as compared with the outside. In the case of circular inclusions which are ǫ apart, Ammari, Kang, H. Lee, J. Lee and M. Lim [1, 2] have established the optimal blow-up rate ǫ −1/2 as the distance ǫ → 0. Recently, Yun [10, 11] has extended the blow-up rate result only for disks to conductors associated with a large class of shapes that is general enough.
More recently, Bao, Li and Yin [3] have established the general blow-up rate that is not restricted to two dimensional space. Their blow-up rate for higher dimensional cases (n ≥ 3) is something unexpected and significantly different from anticipation of interested person; that is, (ǫ| log ǫ|) −1 for three dimensional case and ǫ −1 for higher dimensional case (n ≥ 4). These rates are larger than the one for the two dimensional case. Because two dimensional inclusions can be interpreted as cylinders in three dimensional space, we can suppose that two dimensional inclusions have wider contact surfaces than bounded inclusions in R 3 . Thus, it had been anticipated that a higher dimensional blow-up rate might be less than a two dimensional one. In this respect, the result by Bao, Li and Yin is quite surprising. In addition, we point out that the results in [3] hold for arbitrary shaped inclusions.
In this paper, a new method is established to easily verify a optimal lower bound of the blow-up rate by Bao, Li and Yin [3] on the assumption that two conductors are closely spaced unit spheres in R n (n ≥ 2). Instead of appling their deriviaion [3] to unit spheres, we mainly use Green's theorem and the point charge technique that physics students can also understand. Our method is somethig new independent of the derivation by Bao, Li and Yin. It may be noted that our derivation is effective, even through it is simple. For example, this paper also provides a much simpler method to find the rate for disks than the known one (see [1, 2] ).
Mathematical set-up and the main result
Let D 1 and D 2 be very closely spaced unit spheres in R n which are 2ǫ apart. To be sure, we set
where B 1 (x 1 , x 2 , · · · , x n ) denotes the unit ball with the center (x 1 , x 2 , · · · , x n ) in R n . Given any entire harmonic function H in R n (n ≥ 2), we define the voltage potential u to be the unique solution to the conductivity problem as follows
(2.1)
. This solution u can be interpreted physically as the voltage potential outside conductors D 1 and D 2 under the action of applied electric field ∇H. We consider a uniform field ∇H, i.e, H = A · x. We point out that there is no voltage difference between the boundaries in the case of a uniform field with ∂H ∂x1 = 0. In this respect, this paper presents the following theorem.
Theorem 2.1 Assume the above, H(x 1 , x 2 , · · · , x n ) = x 1 and ǫ is sufficiently small. Then the solution u to (2.1) satisfies the following properties.
1. In two dimension, we then have
Referring to the mean value theorem, there is some point x 2 between ∂D 1 and ∂D 2 such that |∇u(
2. In three dimension, we then have
Similarly to (i), we have a point x 3 between ∂D 1 and ∂D 2 satisfying |∇u(x 3 )| ≥ C 1 ǫ| log ǫ| .
3. In higher dimensions (n ≥ 4), we then have
Similarly, we have a point x n between ∂D 1 and ∂D 2 as follows
3 Derivation for Theorem 2.1
We start by introducing the harmonic function h as follows
It is essential in this work to construct the function h. Before constructing it, we consider the properties of h. The harmonic function u − H is the voltage potential occurring under the action of applied field ∇H. Thus, u − H can be divided into two harmonic functions U 1 and U 2 such that for i = 1, 2, △U i = 0 in R n \D i and U i = O(|x| 1−n ) as |x| → ∞, and u − H = U 1 + U 2 . Using Green's theorem, we have
Then by Green's theorem again and the definition of h, we have
Therefore, we obtain
The equality above is suggested by Yun [10] to estimate the stresses between arbitrary shaped inclusions in R 2 .
Estimates for the voltage difference between the boundaries in R 2
Using the circles of Apollonious, we can obtain the solution h to (3.1) as follows h = 1 2π (log |x − p| − log |x + p|)
where p = ( √ 2ǫ + ǫ 2 , 0). From definition, we have
The same result has been shown by Ammari, Kang and Lim in [1] . They make a asymptotic solution for u by layer potentials. Based on this, the estimate could be established. As one will see, this paper provides a simpler method than the one provided by Ammari, Kang and Lim.
Construction of the harmonic function
We observe that h is constant on each spherical boundary ∂D i for i = 1, 2. Formerly, we construct a harmonic function
Later, h * is divided by some constant to obtain h. Hence, we try to construct h * . First, we consider
Then, even though
, the harmonic function h 1 can not be constant on ∂D i (i = 1, 2). Second, in order to neutralize the terms, we define h 2 by adding the point charge terms, and by iteration, we can also define h m+1 to neutralize the byproduct of h m as follows
n−2 q m and ω n is the area of the unit sphere (see the equation (2.4) at page 59 in Jackson [6] ). In other words, h m+1 is obtained by adding the point charge terms of ±q m+1 at ±p m+1 to h m . Last, we obtain the desirable h as follows
Since the sequence p n is strictly decreasing from 1 to √ 2ǫ + ǫ 2 , for each ǫ > 0 the summation ∞ m=1 q m is finite. Thus, h at (3.3) is well defined and satisfies (3.1).
Estimates for the voltage difference between boundaries in
Since h is composed of the point charges, we have
As mentioned above, the sequence p m is strictly decreasing from 1 to p = √ 2ǫ + ǫ 2 and q m ≥ 0. By elementary calculation (See Appendix), we have
We now estimate for ∞ m=1 q m . For convenience, we regard
for small ǫ. Here, we choose N such that
This also means that
This yields
. In addition, since p n ≥ √ 2ǫ + ǫ 2 , we can make the upper bound of a power series with a ratio 1 − c √ ǫ, the constant c > 0, for
Now, we consider the estimate for the difference in R 3 .
And we consider the estimate in R m ( m > 3). Then ∞ n=1 q n is bounded and the bound is independent of ǫ.
where C * is independent of ǫ sufficiently small. Therefore completes the proof. However, as mentioned above, our main interest is to provide a simple derivation and understanding of the blow-up. We have successfully completed the goal.
